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Abstract In this article we study the quantization of a free real scalar field on 
a class of noncommutative manifolds, obtained via formal deformation quanti- 
zation using triangular Drinfcl'd twists. We construct deformed quadratic ac- 
tion functionals and compute the corresponding equation of motion operators. 
The Green's operators and the fundamental solution of the deformed equation 
of motion are obtained in terms of formal power series. It is shown that, using 
the deformed fundamental solution, we can define deformed ^-algebras of field 
observables, which in general depend on the spacetime deformation parameter. 
This dependence is absent in the special case of Killing deformations, which 
include in particular the Moyal-Weyl deformation of the Minkowski spacetime. 
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1 Introduction 

Quantum field theory (QFT) on noncommutative (NC) spacetimes is a sub- 
ject of particular interest in modern mathematical and theoretical physics, see 
e. g. [UH] for reviews. Even though some work on interacting QFTs on canon- 
ically deformed Euclidean or Minkowski space has been done using modified 
Feynman rules or other perturbative methods, the structure of free NC QFTs 
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has still not been elucidated completely. For a collection of different approaches 
to QFT on Moyal-Weyl- or K-deformed Minkowski spacetime see [3] and refer- 
ences therein. Furthermore, there are attempts to generalize QFT to projective 
modules [I] and to spectral geometries [5]. Depending on the approach, one 
finds that NC quantum fields may exhibit new features, e. g. a non-standard, 
so-called twisted, statistics. 

In this work, we provide a generalization of the algebraic approach to 
QFT (see e. g. [5J[7] and references therein) to the realm of formally deformed 
manifolds, obtained by triangular Drinfel'd twists [8]. Even if twist-deformed 
(pseudo-)Riemannian manifolds may obey deformed isometry properties [5], 
we do not include these structures in the present work and focus on the QFT on 
in general nonsymmetric metric backgrounds. We will see later that the NC 
quantum field theory is described by an (in general deformation parameter 
dependent) *-algebra of field observables, which is defined by a symplectic 
structure. Thus, the advantage of our approach is that it remains close to the 
standard algebraic setting of QFT. The obvious disadvantage is the restriction 
to formal power series in the deformation parameter. This, in particular, does 
not allow us to study nonperturbative NC effects, such as causality violation 
in the field propagation. The main physical motivation for our investigations 
is to make contact to NC cosmology, in particular to perturbative NC effects 
in the cosmic microwave background, and to NC black hole physics. The NC 
gravity solutions recently obtained in [T0llTTl[T2] provide a natural application 
for the methods developed in this paper. 

The outline of this paper is as follows: In Section [2] we review the basics 
of twist-deformed differential geometry in the sense of [T3im] . Based on these 
methods, we construct action functionals and equation of motion operators 
for free massive scalar fields for a large class of triangular Drinfel'd twists. 
In Section |21 we construct the deformed Green's operators and the deformed 
fundamental solution for the type of wave operators, constructed in Section [2j 
in terms of formal power series. The deformed wave propagation is causal with 
respect to the undeformed metric field. The deformed fundamental solution 
is used to canonically construct a symplectic vector space and to define *- 
algebras of field observables in Section |U We conclude and give an outlook to 
possible generalizations and applications of our formalism in Section [5j 



2 Twist- deformed differential geometry, scalar field action 
functionals and equation of motion operators 

In this section we briefly describe how to construct action functionals and 
equation of motion operators for scalar fields on a large class of NC manifolds. 
We focus on the class of ^-products, which can be obtained by a Drinfel'd 
twist T 6 C/i:[[A]] ®c t^[[A]], where US is the universal enveloping alge- 
bra of the complexified vector fields on the manifold Ai, A is the deforma- 
tion parameter and [[A]] denotes formal power series in A. The Drinfel'd twist 
should be finitely-generated, i. e. T consists of sums of finite products of vec- 
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tor fields at every order in A. For more information on these deformations see 
e. g. [13]. Given the commutative algebra of smooth complex- valued functions 
A = (C°°(M), •) on the manifold M, we can deform it into an associative, but 
in general noncommutative, algebra .A* = (C°°(.A/()[[A]],*) with the ^-product 
defined by 

h * k := f a (h) ■ f a (k) , for all h, k G A , (1) 

where f a ® f a = T~ l is the inverse twist which acts on functions via the 
Lie derivative. We restrict ourselves in the following to hermitian ^-products 
satisfying (h-kk)* — k**h*, for all h, k G A*, where * is the standard involution 
on A. 

In the same way we can deform the exterior algebra of complexified differ- 
ential forms (j?*,A,d) on M into (j?*[[A]], A*, d) with the deformed wedge- 
product defined by 

u A* J := f a (oj) A f a (uj') , for all u,u' G i7*[[A]] , (2) 

where the inverse twist again acts on differential forms via the Lie derivative. 
Note that, since Lie derivatives and exterior derivatives commute, the exterior 
differential can be chosen to be undeformed and satisfies the graded Leibniz 
rule 

d(oj A* w') = (dw) A* J + (-l) dcg ^u; A* (do/) , for all w,w' G Q'[[\}] . (3) 

Next, we consider the integration of differential forms on a twist-deformed 
manifold AL Since, as vector spaces, the deformed and the formal power series 
of the undeformed differential forms are isomorphic, we can define integration 
in terms of the commutative integral. Identifying a volume form vol on M. in 
general leads to a non-cyclic integral on A*. Furthermore, it turns out that the 
integral for general J- does not even possess the weaker property of "graded 
cyclicity" given by 

f wA^' = (-l) d *> dc *'»/ w'A t u=f uAu', (4) 

J M J M J M 

for allw, u>' G O* [[A]] with deg(w) +deg(u/) = dim(A^) and supp(w)nsupp(u/) 
compact 0. One explicit example of a twist not satisfying graded cyclicity is the 
Jordanian twist T — exp(iif <g> log(l -I- XE)) with [H, E] — IE. Since graded 
cyclicity is a property which drastically simplifies the construction of equations 
of motion from a given action functional, we restrict ourselves in the following 
to a subclass of Drinfel'd twists in order to obtain this property. It can be 
checked that Drinfel'd twists satisfying S(f a ) ■ f a = 1 fulfil graded cyclicity 
|15j . Here S is the antipode on the universal enveloping algebra C/H[[A]], which 
is defined as an algebra antihomomorphism acting on vector fields u G S[[A]] 
by S[u) = — u and 5(1) = 1. Note that the condition demanded above is not 

1 Let lu := G ft* [Ml and w' := J2 A " w (n) 6 ft'IMl- The statement supp(w) n 

supp(a;') compact is an abbreviation for supp(aj(„) ) nsupp(w', . ) compact for all n, m E N°. 
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too restrictive, since it allows the whole class of abelian twists (also called 
Reshetikhin-Jambor-Sykora (RJS) twists [TolfTT] ). 

In order to construct kinetic terms of scalar field action functionals, we 
further require a deformed (pseudo-)hermitian structure h* on one-forms. This 
structure can be defined using the inverse metric field of NC gravity g^ 1 := 
g~ la ®* ga 1 £ ^[[A]] <8>* -=[[A]] and the pairing (•,•)* between vector fields 
~[[\]} and one-forms J? [[A]] [T5P3j by 

fc*(w,w') := ((Lo^g-^^g- 1 ,^)* , for aU u, J G «[[A]] . (5) 

Using the formalism described above, we are in the position to deform the 
standard quadratic scalar field action functional. We define 

S4$] ■=- I h*(d$,d$) *vol* - to 2 / vol* , (6) 

JM JM 

where vol* <E J?" [[A]] is a real and nonvanishing top- form on M. H. Due to 
graded cyclicity, hermiticity of /i* and reality of vol* we obtain = 

The equation of motion for <P is obtained by varying the action ([5]). Since 
we are mainly interested in real scalar fields, we restrict ourselves from now 
on to this case. Using variations 5<P of compact support and graded cyclicity 
we find 

6S4$] = f , (7) 

JM 

with the C[ [A]] -linear top- form valued differential operator P* : C°°(.M)[[A]] — > 
ft' [[A]] given by 

P*[<p] := □*[</?] + (□*[<£*])* -mV*vol* -to 2 vo1**^ . (8) 

for all if 6 C°°(.M)[[A]]. The top-form valued d'Alembert operator □* is de- 
fined by 



^•★□*fo>] :=- / ^(#,^)*vol* , (9) 

for all ip,ip G C°°(A / 1)[[A]] with supp(V>) D supp(y) compact. Demanding 
<55* [$] = results in the top- form valued equation of motion P*[<£] = 0. By 
defining P*[<p] =: P*[<p] *vol*, for all ip G C°°(7W)[[A]], we obtain equivalently 
the equation of motion P*[#] = 0, where P* : C°°(X)[[A]] C°°(M)[[A]] is 
now a C[[A]]-linear scalar differential operator. 

Note that P* is formally self-adjoint with respect to the scalar product 

O, ip)±:= / ip* *cp*vol ir . (10) 
JM 



2 One consistent choice of vol* is the classical volume form associated to the NC metric 
field g, since it is an element of i?*[[A]], coordinate independent, real and nonvanishing 
on Ai. Since we do not want to exclude different choices of vol* in our work, we keep it 
unspecified and only impose the natural conditions of reality and nondegeneracy. 
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More precisely, 



(V>,p*M)* = (P* M.p)* 



(11) 



holds true for all i/j, <P G C°°(-M)[[A]] with supp('0)nsupp((/3) compact. Further- 
more, in the case of a deformed Lorentzian manifold (M.,*, g), the operator P* 
is a formal deformation of a normally hyperbolic operator acting on C co (Ai), 
namely the Klein-Gordon operator. 

This shows that we can explicitly construct quadratic scalar field action 
functionals leading to equation of motion operators which are formally self- 
adjoint with respect to the scalar product (jlOl) and further are deformations 
of normally hyperbolic operators in the Lorentzian case. The generalization 
to generic matter fields requires the deformation quantization of hermitian 
vector bundles. For proofs on existence and uniqueness of these structures 
within the framework of formal deformation quantization see |18j . The explicit 
construction of realizations in twist-deformed NC geometry is currently in 
preparation [15] . 

3 Formal solutions of deformed wave equations 

In this section we consider formal deformations of normally hyperbolic differ- 
ential operators acting on formal power series of functions C°°(.M)[[A]] on a 
twist-deformed globally hyperbolic Lorentzian manifold (M.,-k, g). This means 
that (M, g\\^o) is globally hyperbolic, but we do not impose conditions on 
the quantum corrections of g. The physics which can be described within this 
framework arc free scalar (quantum) field theories on a large class of curved 
NC manifolds. 

Let P* : C°°(M)[[\}} -)• C°°(M)[[\}} be a C[[A]]-linear differential opera- 
tor, which is a formal deformation of a normally hyperbolic operator. More 
precisely, P+ is defined by the formal power series 



where P(o) is a normally hyperbolic operator and P( n ) : C°°(.M)[[A]] — > 
C£°(A4)[[X\] are the C[[A]]-linear "quantum corrections" for n > 0. We de- 
mand that P* is formally self-adjoint with respect to the scalar product (|10p . 
i. e. (fTTj) holds true. We have constructed nontrivial examples of such opera- 
tors in Section [5J but we do not restrict ourselves to these examples in the 
following and work with the abstract definition. 

Note that, in order to formally solve the dynamics governed by P* we have 
to add one technical assumption. We assume that P(„) are differential operators 
which map to functions of compact support for n > 0. This is, similar to the 
interactions of compact support in perturbative QFT, a technical assumption 
required for the construction of the formal power series and not motivated by 
physics. The support condition on P{n) is in particular satisfied for all twists 




(12) 
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constructed by compactly supported vector fields. In case of a noncompactly 
supported twist J 7 , an infrared (IR) regularization is in general required. For 
this, we might, most preferably, try to approximate T by compactly supported 
twists or define by hand the regularized operators P^f :— XnP(n)> where 
Xn € C^°(A4) are cutoff functions satisfying Xn\o = 1 for a sufficiently large 
spacetime region O. Although the global aspects of QFT are known to change 
due to IR regularization, it was argued in [20] that the local observables in 
(commutative) QFT remain unaffected by details of the IR regularization. 
Since our NC QFTs are formal deformations of commutative QFTs, we expect 
that, similar to [3D], the local formal NC physics is properly described by our 
models. 

The main aim of this section is to construct deformed retarded and ad- 
vanced Green's operators 

oo 

4*fc := £ A"4 (n)± : C^{M)[[X\] -+ C°°(M)[[A]] (13) 

satisfying suitable properties. Even though some of the results obtained in this 
section could be derived from general considerations in deformation theorjQ, 
we perform an explicit construction of the deformed Green's operators in order 
to make the investigation of their properties in this article self contained. 

Theorems on the existence and uniqueness of Green's operators for the 
classical problem A — > can be found in [7J and apply to the A°-order of our 
problem. In particular, it was shown in [7J that there exists an unique retarded 
and advanced Green's operator A± =: ^(o)± ■ Cq°(M.) —> C°°(M) satisfying 

P(o) oA±= id c ^( M ) , ( 14 a) 

Ak ° P (0)|c°°(M) = id C£°(M) , (14b) 

8upp(A t [y>]) C J ± (supp(^)) , for all <p G C^{M) , (14c) 

where J±(A) is the causal future/past of a subset A measured with respect to 
the undeformed spacetime metric g\\^o- 

We extend these results to the NC setting by the following 

Theorem 1 Let (A4,*,g) be a deformed time- oriented, connected, globally 
hyperbolic manifold and let P+ '■= ^ n P(n) be a formal deformation of a 
normally hyperbolic operator acting on C°°(.M)[[A]]. Furthermore, let P( n ) be 
finite-order differential operators with Im(Pr n -\) C C^{AA) for n > 0. Then 
there exist unique deformed Green's operators A*± := ^2 A n ^( n )± satisfying 

P+ o A*± = id C oo(M)[[X\] > ( 15a ) 
A *± ° P *\c^(M)[[\]] = ld cg°(M)[[\]] , (15b) 
supp(A( n )±[ip\) C J±(supp(tp)) , for all n G N° and tp G C™(M) , (15c) 



3 We thank the anonymous referee for pointing this out to us. 
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where J± is the causal future/past with respect to the classical metric <?|a->o- 
The explicit expressions for Ar n -)±, n > 0, read 

n n n 

fe=iji=i ik=i 

A± o P Wl) o At o P (h) o • • • o A± o P (ife) o Ai , (16) 

where S n ^ m is the Kronecker- delta. 

This theorem is proven in the Appendix [X] 

Next, we study properties of the deformed fundamental solution defined 
by the C[[A]]-linear map 

A := A+ - A- : CS°(M)[[\]} ->• C~(M)[[A]] , (17) 

where Cgj?(.M) are the functions of spatially compact support. The impor- 
tance of the fundamental solution lies in the fact that the covariant Poisson 
bracket relations (i. e. the Peierls bracket relations) of classical field theory and 
the Weyl relations of QFT can be defined by using this map. We obtain the 
following 

Theorem 2 Let (A4,*,g) be a deformed time- oriented, connected, globally 
hyperbolic manifold and let P+ and A± be as above. Then the sequence of 
C[[A]] -linear maps 

-> C?(M)[[\]] A C?(M)[[\]] A C™(M)[[\}] A C™(M)[[\}} (18) 
is a complex, which is exact everywhere. 

The proof of this theorem can be obtained by extending the proof of Theorem 
3.4.7. of [7] to formal power series. For completeness, we provide the proof in 
the Appendix iBl 

4 Deformed symplectic vector space and *-algebras of field 
observables 

In the standard construction of the QFT of a free real scalar field on a 
commutative globally hyperbolic manifold with a normally hyperbolic oper- 
ator P one defines a symplectic structure u> on the real vector space V := 
C^(M,R)/P[C$°(M,M.)} by using the fundamental solution and the unde- 
formed version of the scalar product (fTPl) . Using the symplectic vector space 
(V,u) one then defines the associated Weyl algebra of field observables. For 
details on this construction see [7]- 

We now show that a similar construction is also possible in the twist- 
deformed case, leading to deformed *-algebras of field observables. Consider a 
real scalar field on a deformed globally hyperbolic manifold with an equation 
of motion given by a deformed normally hyperbolic operator P*, satisfying the 
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properties defined above. We further demand the reality condition of Section 
[H given by 

(AM)* = (P*M *vol*)* = P*[v*] , for all <p G C°°(X)[[A]] , (19) 

since it naturally emerges from an action principle. 

Using Theorem [JJ we obtain unique deformed Green's operators A*± and 
the fundamental solution At = A± + — We define the following map 

: C °°(Af)[[A]] x C °°(M)[[A]] -> C[[A]], U>,<p) ^&*U>,<p) = W,M<P])* > 

(20) 

which is the basic ingredient in the construction of the deformed symplectic 
vector space V*. In order to define V*, we first have to restrict Co°(A4)[[A]] to 
a suitable real subspace. We define the real vector space 

H := { V G C^{M)\[X]] : (A^W = A*±W) . (21) 

This vector space turns out to be a natural generalization of the classical space 
C$°(M,M) due to the following 

Proposition 1 Consider the vector space H defined above. Then the following 
statements hold true: 

1. ) Let ip 6 Cgj?(.M,R)[[A]] be a real solution of the wave equations given by 

P±. Then there is a tp G H, such that ip = A+[tp]. 

2. ) The kernel of the fundamental solution A* restricted to H is given by 

Ker(^)k=P4Co (-M I M)[[A]]]. 

3. ) Let tp G H, then (<^*vol*)* = i/3*vol*. 

This proposition is proven in the Appendix [Cj 

We define the real factor space V* := H/P it [C^{M^)[[\}]). The map 
(|20"]) induces a map on V* by defining 

w*:K®kK->K[[A]], ([#M)^tD*(V,^) = (^AdV])* ■ (22) 

This map is well defined due to the anti-hermiticity property (ip, AM)* = 
—(A+[ip],<p)i< for all ip.tpd C^°(M)[[X\], which follows from Lemma [2] (see 
Appendix lB|l . Furthermore, is nondegenerate due to Proposition [TJ part 
2.), and the nondegeneracy of the scalar product. 

It remains to show the antisymmetry and reality of this map. Using Propo- 
sition [TJ we obtain for all ip, ip G H 

ty, AM)* = / r * AM * vol* G = RE f (ip * vol*)* * AM = 

JM 

I 1p-kVO\*-kAM\ == / AM*^* V Ol* ^1= (AtM,^)* ^= -(^J ArM)* , 

(23) 
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where we also have used graded cyclicity (GC), reality of vol* (RE) and anti- 
hermiticity of A* (AH). From this identity we obtain that a;* is antisymmetric. 
Reality follows from 

(il>,M<p])l H = P (a*[<pM)* a = -(<p,M1>])* = W,M<p]) , (24) 

where we have used hermiticity of the scalar product (HSP), anti-hermiticity 
of and antisymmetry of cj* (AS). 

This shows that, given a twist-deformed real scalar field with equation of 
motion operator P* defined as above, we can construct the symplectic vector 
space (V*,cj+). Using this vector space we can, guided by the commutative 
case [7], define an *-algebra of field observables as follows: 

Definition 1 Let (V*, w*) be a symplectic vector space. Let 21 be an *-algebra 
over C[[A]] with unit and let W : V* — > 21 be a map, such that for aSl<p,ip G V* 
we have 



W(0) = 1 , (25a) 
W{-if>) = W{tp)* , (25b) 
W(<p) ■ W(iJj) = e-™*^/ 2 W(if + i/)) . (25c) 

We call 21 an *-algebra of Weyl-type, if it is generated by the elements W{ip). 

Note that, different to the commutative case, we did not demand 21 to be 
a C*-algebra, since we are considering algebras over C[[A]] and not C. See 
|21j for a review on ^-algebras over ordered rings and their ^-representation 
theory on pre-Hilbert spaces. It is well-known that the uniqueness (up to *- 
isomorphisms) of the Weyl algebra in commutative QFT strongly relies on 
the C*-property. Thus, we expect a richer ^-representation theory for the *- 
algebras of Weyl-type defined above. However, in case we would find a con- 
vergent deformation of the symplectic vector space (V*,u;*), what is strongly 
motivated by physics, we could define the Weyl system according to the con- 
ventional definition 0, including C*-algebras. 

A second possible definition of an *-algebra of field observables is the fol- 
lowing: 

Definition 2 Let (T4, w*) be a symplectic vector space. Let 21 be an *-algebra 
over C[[A]] with unit and let # : V* 2t be a R[[A]]-linear map, such that for 
all <p, tp S V* we have 

${(p)* = $(<p) , (26a) 
[*(^) > #(V)]=*w*(v>,^)l. (26b) 

We call 21 an *-algebra of field polynomials, if it is generated by the elements 
1 and $((p). 
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This definition of the *-algebra of field polynomials is closer to physics, since 
there the n-point correlation functions, i.e. expectation values of n-fold prod- 
ucts of the linear field operators in some appropriate state, are of particular 
interest. This shows that there are natural definitions of field observable alge- 
bras in the NC setting, motivating the algebraic description of QFT on curved 
NC spacetimes. The explicit construction and investigation of these algebras 
is beyond the scope of our present work. 

We conclude this section by briefly studying the observable algebras of a 
very special class of twist-deformations of the manifold M.. Let (A4, g, vol) be 
a Lorentzian manifold with isometries given by a Lie algebra q and with the 
volume form vol associated to g. Furthermore, let T G C/g[[A]] <g>c l/g[[A]] C 
I/S^A]] <E>c US[[X]]. These Drinfel'd twists are called Killing twists, since they 
are constructed completely by Killing vector fields. It is easy to see that all 
★-products drop out of the action (J6j) by using graded cyclicity and the q- 
invariance of vol and g. Thus, the equation of motion operator = P is 
undcformed, as well as the fundamental solution A* = A. We further obtain 
that Vi, — V and that the symplectic structure = uj is undeformed, leading 
to the undeformed observable algebras. This means that the free QFT on 
Killing deformed manifolds can not be distinguished from the commutative 
one. Of course, interacting QFTs on Killing deformed spacetimes will contain 
NC effects. Note that the Moyal-Weyl deformation of the Minkowski spacetime 
is a particular example of a Killing deformation, since the twist-generating 
vector fields {P M := <9 M } are Killing. 



5 Conclusions and outlook 

In this paper we have made a first step towards generalizing the algebraic ap- 
proach to QFT to the realm of formally deformed manifolds. The deformations 
we have considered are given by triangular Drinfel'd twists, together with the 
restriction S(f a ) ■ f a = 1, and include in particular all abelian (also called 
RJS) twists. We have constructed quadratic scalar field actions and equations 
of motion within the framework of twist-deformed differential geometry and 
have shown that these wave equations can be solved in terms of formal power 
series. More precisely, we have constructed deformed advanced and retarded 
Green's operators and the deformed fundamental solution explicitly up to all 
orders in the deformation parameter. The deformed wave propagation is, as 
expected, compatible with classical causality given by the metric field g\\^o, 
since we have considered formal deformations. Using the fundamental solu- 
tion, we were able to construct a symplectic vector space and therewith define 
*-algebras of field observables for the NC quantum field, which in general de- 
pend on the deformation parameter A. In the special case of the Moyal-Weyl 
deformed Minkowski spacetime, or more general for all Killing deformations of 
symmetric manifolds, the deformation parameter is absent in the observable 
algebra. 
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In future work it will be of particular importance to study the physics de- 
scribed by the *-algebras of field observables using explicit examples, e. g. cos- 
mological models or black holes. For this purpose the NC gravity solutions 
recently obtained in [TrJlfTTlfT^] will be helpful. It would also be fruitful to 
study the differences to other approaches to NC QFT 3 within these models. 

On the conceptual side, it would be interesting to include the ideas of 
locally covariant QFT [35] to the NC setting, see also [5] for such an attempt. 
If this is possible at all, and what is the role of the twisted diffeomorphisms 
[T^lfTl] within this approach, are issues left to future work. 

Acknowledgements Wc want to thank Paolo Aschieri and Christoph Uhlemann for dis- 
cussions and comments on this work. This research is supported by Deutsche Forschungsge- 
meinschaft through the Research Training Group GRK 1147 Theoretical Astrophysics and 
Particle Physics. 



A Proof of Theorem Q] 

We perform a proof by induction. The zeroth order of (1 1 5 I t is assured by H14I I. Assume that 
we have constructed the Green's operators to order A n— 1 . In order A™ H15aH reads 

n 

J2 P(m) ° An-m)± = ' ( 27 ) 
m = 

Let ip € Cq°(M) be arbitrary. We can reformulate II27I I into a Cauchy problem with respect 
to the classical operator Pm 

71 

P (0) [Zi (n ) ± M] = -J2 *WAn-m)±M] = : S G C 0°( M ) • C 2 *) 

m — 1 

In order to satisfy | |15c| |, we have to impose trivial Cauchy data of vanishing field and 
derivative on a Cauchy surface past/future to supp(S'). The unique solution is 

71 

A {n)± l<p] = A±{S] = - J2 4±oP (m) o4 (n _ m)± M . (29) 

m = l 

We obtain the support property for n ^ m > 

supp(Z\± O P(m) ^(n.-m)±M) Q J±( sn PP(P( 

C J±(supp(Z\ ( „_ m)± ^])) C J±(J±(supp(¥>))) C J ± (supp(<^)) , (30) 

where we have used that P( m ) ls a finite-order C-linear differential operator, thus satisfying 
supp(P( m j [<p]) C supp(</3). This shows that (I15cp is satisfied to order A n . 

The equality of II29H and iWt can either be shown combinatorically, or by showing that 
II16II solves Ill5all together with the support property 1 5cB . and thus has to be equal to (1 29 1> . 

The remaining step is to prove the order A™ of J 1 5b ft . Plugging in the explicit form (1 1 €> l> 
one notices that every possible chain of operators, e. g. 

^± p Ui) o A± o ■ ■ ■ o A± o P (jfc) , with ji + j2 H h jk = n , (31) 



occurs exactly twice in J 15bb ■ but with a different sign. Thus they cancel. 



□ 
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B Proof of Theorem [2] 

In order to prove Theorem [2] we require the following two lemmas. 

Lemma 1 Let tp £ Cg°(M)[[\]], then A*[tp] £ C™(M)[[\]]. 

Proof Define tp = Y1 A'^fn) := ^*M- We obtain by using Theorem [T] 

supp(V(„) ) C J+ {Kf n) ) U J_ {Kf n) ) , for all n £ N° , (32) 
where K? n \ '■= Um=o su PP(v?(n-m)) is compact. Thus ?/>(„) £ C£?(.M) for all n £ N°. □ 
Lemma 2 (V,/4*±M)* = (4 T H,v)* /or alli>,<p £ C* c f> (M)[[A]] . 
Proof By Theorem [T] we have 

(V«,AdbM)* = (J , *oA tT [V],4*±[»»])* . (33) 

Using Theorem [T] and global hyperbolicity, one obtains that supp(/i J .^ [ip]) n supp(/i 1 .± [<^]) 
is compact for all ip,ip E Cq° (M)[[X}\. To finish the proof we use that P* is formally self- 
adjoint. □ 

We now give a proof of Theorem [2] 

Proof The sequence of maps forms a complex due to Theorem [T] and Lemma [T] 

To prove the first exactness, let ip £ Cq°(A / I)[[A]] such that P*[v] = 0- Then ip = 
A t± o P*[yj] =0. 

To prove the second exactness, let ip £ Cq°(A*I)[[A]] such that ^V*[^>] = 0. We define 
ip := jd*±[y3] and obtain using Theorem ^ and global hyperbolicity of (M, g\ \— >o) that 
il> £ Cg° \m) [[A]] . We find P* [-0] = P* o ZU± [<p] = ip. 

To prove the third exactness, let ip = J2 A'V(n) G C£?(A1)[[A]] such that P*[ip] = 0. We 
can find a family of compact sets {K^ : n £ N }, such that supp(i^( n )) C i"_|_(K7 n )) U 
I-(K^), where 7±(A) is the chronological future/past of a subset A with respect to 
the classical metric g\x^o- We decompose analogously to [7] <P( n ) = <pf n \ ^Tn)' wnere 
supp(^± } ) C I±(K (n) ) C J±(K (n) ). We define <p± := E^^j and V := ±P*W ± ]- Using 
the support properties of ip^ and global hyperbolicity, one obtains that ij> £ Cq°(jV()[[A]]. 
To show that A ir± [ip] = ±ip ± , let \ 6 Cg°(M)[[X]] be arbitrary. We obtain 

(x,4*±M)* = (AhfIxW)* = ±(4 1T M,ft[^])* = ±(f* = (x,±^)* , 

(34) 

where we have used Lemma [2] Theorem^ and that P* is formally self-adjoint. This shows 
that [ip\ =tp. □ 



C Proof of Proposition \T\ 

Proof of 1.): 

Let ifi £ C^(M, K)[[A]] be a real solution satisfying P*[ip] = 0. By Theorem[2]we know that 
there is a <p £ Cq°(.M)[[A]], such that tp = A^lp]. From the reality of if) we obtain 

(ZL+M)* - = (zi*-M)* - A*_[ V ] =: 25 £ Cg°(A<)[[A]] . (35) 

One obtains that 8 is of compact support by using Theorem [T] and global hyperbolicity. 
Using 5* = —S and 8 = A±± o P*[5] (see Theorem \Tl we find that 

(A* ± [<p + P+[8]}y =A ir± [<p + P ir [5]] . (36) 
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Thus ip + P* [<5] e H with A* [tp + P, [S\] = A* [tp] = tp. D 
Proof of 2.): 

Let ip e P*[C^'{M,M.)[[X]]], then there is a \ G Cg°(M, K)[[A]], such that p = P*[x]. We 
obtain 

(4*±M)* = X* = X = Ar±M • (37) 
Thus tp e P and /!*[(/?] = Z\*[P*[x]] = 0. 

Let now tp g H such that = 0. Then by Theorem [2] there exists \ G C£°(A4)[[A]], 

such that tp = Pi, [x] ■ Using the definition of H we obtain 

= {A il± [tp])*-A i ,±[tp]= x *-X, (38) 

thus x G Cg?(M,M.)[[\]]. □ 

Proo/ o/ S.j: 

Let tp £ P. Using reality of the top-form valued equation of motion operator J 19D we obtain 

fc. * vol,)* = (A [Ati M]) * = P» [(4*± [*»])*] = P* M =<P* vol, . (39) 

□ 
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